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Acoustics of Aircraft Engine-Duct Systems
ALI H. NAYFEH,* JOHN E. KAISER,! AND DEMETRI P. TELIONISJ

Virginia Polytechnic Institute and State University, Blacksburg, Va.

I. Introduction

IN a broad classification, one may consider aircraft noise to
be generated by either an internal or an external source.

The externally generated noise is due primarily to the jet
exhaust and the airframe itself. The internally generated noise
is due primarily to the rotating turbornachinery blades1"5 and
to the combustion process.6'7 To achieve lower specific fuel
consumption, future aircraft engines are expected to have bypass
ratios in the range of 4-6.1 This results in a reduction of
the jet noise to relatively insignificant proportions, but results
in an increase of the fan noise. The over-all noise level of such
engines without acoustic treatment is greater than the noise
level of low bypass engines and consists of a broad band
spectrum and high-pitched discrete frequency components.

The internal flowfield past the blades is generally unsteady
due to the presence of upstream blades and vanes and turbulence.
The interaction of this unsteady flow and the moving blades
produces upstream and downstream traveling pressure waves
(acoustic modes). Some of these modes decay naturally, while
the others need to be suppressed by acoustically treating the
engine ducts. To achieve noise reductions in the ducts without
an economic penalty, the acoustic treatment must be optimized,

To achieve this optimization the complete engine is usually
represented as a system of interacting elements, and then the
elements of the duct are optimized for the lowest noise level.
The effect of a sound-absorbing material is to attenuate some
of the modes and to reflect others. Thus, these effects are
accounted for by the large matrix equation8

I = sources (1)

where the vectors A and B represent the downstream and
upstream propagating modes, the matrices T and R represent
the transmission and reflection factors and the subscripts a

and b refer to the upstream and downstream modes. The
purpose of the present paper is to critically survey the state-of-the-
art regarding the methods of determining the transmission and
reflection coefficients and the dependence of these coefficients
on the material properties, duct geometry, and flowfield.

II. Acoustic Equations
Velocities, lengths, and time are made dimensionless using

the ambient speed of sound ca, a characteristic duct dimension
d0 (such as the half width or radius for uniform ducts), and
d0/ca, respectively. The pressure p is made dimensionless using
paca

2, the density p and temperature T are made dimensionless
using their corresponding ambient values, while viscosity JJL
and thermal conductivity K are made dimensionless using their
corresponding wall values. In terms of these dimensionless
variables, the equations which describe the unsteady viscous
flow in a duct are^:
conservation of mass

9V) - 0 (2)

(3)

conservation of momentum

conservation of energy

fr
equation of state

(4)

(5)
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where y is the gas specific heat ratio, T is the dimensionless
stress tensor, O is the dimensionless dissipation function, Pr =
JHWCP/KW is the Prandtl number, and Re = pa ca d0/pw is the
Reynolds number.

We assume that each flow quantity q(r,t) is the sum of a
steady mean flow quantity q0(r) and an unsteady acoustic
flow quantity q\(r,t). Substituting these assumed expressions
into Eqs. (2-5), eliminating the mean flow quantities, and
neglecting nonlinear acoustic quantities, we obtain the following
general acoustic equations

-^+ V-(p 0 Vi+piV 0 ) = 0 (6)

/ U* 1 r-r I

^ ( - f c - + V « ' V V l + V l ' V V ' ) + <

jy+vVTi + Vi-vr.Y

(7)

!)<&! (8)

Pi/Po = pi/Po+T1/T0 (9)
where TI and <I>i are linear in the acoustic quantities.

Equations (6-9) are not valid for the study of high intensity
sound (nonlinear wave propagation), which is discussed in Sec.
VII; however, they are the basis of all studies discussed in
the other sections of this paper. No solution to these equations
subject to general initial and boundary conditions has been
found for general mean flows. To determine solutions for the
acoustic propagation in ducts, researchers have restricted their
attention to two specific flow configurations: parallel mean flows
and near-parallel mean flows. These are discussed below.

A. Parallel Mean Flows
In this flow configuration, the mean velocity is parallel to the

duct axis and is a function of the coordinate normal to the
duct walls. For two dimensional ducts having uniform cross
section,

v0 = u0(y)ex, p0 = Po(y\ T0=T0(y)
HO = Ho(y\ KO = K0(y), and PO = const

where the x-axis coincides with the duct axis and the y-axis
is normal to it (see Fig. 1). This flow configuration is often
referred to as "fully-developed flow" by acousticians. In this
case, Eqs. (6-9) become

dt
duip°^+u°^

du\

———dx

dy

^1+^1 +^P J = 0 (10)
dx dy/
dpi

:erw
dy

(11)
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(y-l)\ 2u'oiJL0{ ~^+ ~)H- inu'o2
L \dy ox) J_

P\/PO =
(13)

(14)
Three approaches have been used to solve Eqs. (10-14)

subject to boundary and initial conditions. In one approach,10-1 1

Fourier and Laplace transforms are employed to solve simplified
forms of these equations. In the second approach,12'13 a Green's
function is used to study the cases of uniform and no mean
flows. In the third approach, the solution is sought in the
form

Pl = ,i(fcnx - cot) (15)

where \l/n(y)exp[i(knx—cot)] are the normal-mode solutions of
Eqs. (1O-14) subject to the given boundary conditions, kn is the
complex wave number, and co is the dimensionless frequency.
Once these modes are known, An can be obtained from the
initial conditions at x = x0. This approach assumes that the
normal modes are a complete set. Using Fourier transforms to
study inviscid acoustic propagation for the case in which u0
is analytic and does not vanish at the boundary, Mohring11

suggested that algebraically growing modes of the form
\l/n(y)f(x)exp(ia)t) might exist. Using asymptotic expansions,
Nayfeh and Telionis14 showed that algebraically growing modes
do not exist when Re -> oo if critical layers (locations at which
ku0 = co) do not exist. This result is an indirect proof that
the normal modes are a complete set provided that all eigen-
values, kn, are distinct. Moreover, Shankar10 found that his
solution, obtained by Fourier and Laplace transforms, agreed
with the normal-mode approach. Tester13 and Zorumski and
Mason15 have shown that multiple roots of the eigenvalue
equation do exist under certain conditions. If km = ks, the'
contributions to Eq. (15) by the m and s modes take the form15

(Am + As x)ij/m(y) exp [i(km x - cot}~\
The normal-mode description is the most frequently used method
in the literature and is adopted in the remainder of this paper.

Since the problem formulated in this section is linear, one
can determine the normal modes independently of each other.
To this end we let

«i = u(y)E, vi = v(y)E, pi = p(y)E,
T, = T(y)E, Pl = p(y)E, ^ = n(y)E,

/M - K(y)E,
where

E — exp [/(/ex — cor)]
Substituting these expressions into Eqs. (10-14), we obtain

i(ku0 - c ikp0 u + — (p0 u) = 0dy

i(ku0-a))
ik
— p =
Po

Fig. 1 Plane flow geometry.
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i(ku0-co)T+ T0'v - ————(
Po
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(y- 1 ) \ W o f r - + ikv + M2 (19)

(20)
No solution to Eqs. (16-20), which include the effects of viscosity
and heat conduction on the acoustic wave, has yet been
obtained. Except for studies of the acoustic boundary layer (see
Sec. IV) researchers have assumed an inviscid acoustic distur-
bance. Neglecting the viscous terms (i.e., letting Re->oo), we
can combine Eqs. (16-20) into the following equation for p :

dy
(21)

Equation (21) includes the effects of both velocity and temper-
ature gradients in the mean flow.

If the temperature of the mean flow is assumed to be constant,
u0 becomes the local Mach number M, and Eq. (21) reduces
to the equation obtained by Pridmore-Brown16:

(22)
For uniform mean flows, Eq. (22) reduces further to

In cylindrical geometry, the normal modes have the form
ql=q(r) exp [i(kx-cot + m0)] (24)

where (r,9,x) is the cylindrical coordinate system with the
x-axis coinciding with the duct axis (see Fig. 2), q stands for
any of the flow quantities, and m is an integer. In this case,
the equations corresponding to Eqs. (21-23) are
fp_ (\ T0

r 2ku'0
dr2

0 — coj dr

d2p
TYdr2 + ~

2kM'\dp \( m2!
—— iT7rhr + \\Mk-o)) 2-k 2 - —-Mk)dr \\ r 2]

rdr

(25)

(26)

(27)

Effects of parallel mean flows are discussed in Sec. IV
while effects of temperature gradients are discussed in Sec. V.

(28)

B. Near-Parallel Mean Flows
In this case, the mean flow is assumed to deviate by a

small amount from a parallel flow. To express this deviation,
we let

v0 = u0(x i , y)ex + sv0(x ! , y)ey, p0 = p0(x , , y\
T0= T0(xiry)f PO = PO(XI)

where £ is a small parameter characterizing the nonparallelism
of the mean flow so that Xi = sx is a slow axial scale. We
assume that normal modes of the form of Eq. (15) still exist but
with slowly varying amplitudes An and wave numbers kn. Thus,
we use the method of multiple scales,17 and assume normal
modes of the form

Pi = p(y, xi ; s)E, vi == v(y, xl ; s)E
ui = w(y,xi ; £)£, pi = p(y,*i ; s)E (29)

71 - T(y,xi; £}E
where E = exp (J0) such that

dcj)/dt=-cD and d^)/dx = k(xl} (30)
Substituting Eqs. (28-30) into Eqs. (6-9) and letting Ke-> oo,

we obtain

i(ku0- a))p + ikp0 u + — (p0 v) = -
dy

du0 ik
-— +—p= -£
dy po
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Fig. 2 Axisymmetric flow geometry.

P/P^P/Po+T/T0 (35)
Letting £->0, we find that Eqs. (31-35) reduce to the inviscid
parts of Eqs. (16-20). Solutions of these equations are discussed
in Sec. VI.

III. Duct-Liner Acoustic Properties

Lining materials have been used as sound absorbers in
architectural designs and industrial installations for some time.
However, the extreme temperature and pressure environment
in the interior of a jet engine has recently required extensive
experimental and theoretical research to develop appropriate
liners. The desirable mechanical properties of such liners are
diverse and rather stringent. Liners should have minimum
thickness and weight, should be able to resist high pressure
levels, face extreme temperature differences, and of course should
have sufficient ability to absorb sound. These liners are usually
a combination of perforated sheets, cavities and pieces of porous
materials.18'19 In the sections that follow we describe briefly
some of the commonly used liners as well as the theoretical
models developed to explain and predict the effectiveness of their
operation.

A. Liner Designs and Their Properties
In a broad classification, liners can be divided into point-

reacting (locally-reacting) and bulk-reacting liners. Point-
reacting liners are by definition liners that permit propagation
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Fig. 3a Perforated-
plate, honeycomb liner.
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Fig. 3b Resistive
resonator liner.
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liner.
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only in the direction normal to the duct wall. Such liners are
the most common in practice because they are easy to manu-
facture and possess desirable structural properties. They usually
consist of a perforated sheet or a thin layer of porous material
followed by a honeycomb core and backed by the impervious
wall of the duct (see Figs. 3a, b). The honeycomb core is made
up of narrow cavities of usually polygonal shape that are
directed perpendicular to the wall and the facing sheet and
act as resonators.20 Honeycomb cells are usually manufactured
with metal ribbons, bonded or welded at nodes, to form a
variety of cell sizes and shapes. The perforated-plate and honey-
comb liners (Fig. 3a) are sharply tuned resonators effective over
a narrow frequency range when used in low airflow velocities or
low SPL (sound pressure levels). However, they provide a
broader band-width attenuation at high SPL. The porous-sheet-
honeycomb liners (resistive-resonator) can yield substantial
attenuations over a wide frequency range by a proper choice
of the material and geometry parameters.

Bulk-reacting liners are liners that permit propagation in more
than one direction. Such liners may consist of isotropic or
anisotropic porous materials. These liners may not have the
ability to attenuate high levels of discrete sound but they
attenuate broad-band noise and low frequency noise more
effectively. However, the available materials are not suitable
for use in an aircraft engine owing to their poor mechanical
properties and their tendency to absorb fluids.

The broad-band resistive-resonator linings are the most widely
used. Porous materials are constructed by sintering fiber-metal
sheets or woven-screen metal sheets or continuous-filament
metal sheets.21 Some porous materials are constructed by
weaving fiber-glass into sheets of variable thickness.

There is a series of mechanical and acoustical tests routinely
performed22"24 but due to space limitations these tests are
not described here.

B. Flow Through Porous Materials
Fluid flow through porous materials has been extensively

studied since the middle of the previous century (see Irmay25

for Refs.). For steady flow the well known Darcy's law states
Vp + <7V = 0 (36)

where a is a constant that we call resistivity. This form of the
momentum equation has been extended to unsteady flows and
therefore acoustic disturbances by several authors. Unfor-
tunately, there is very little agreement on the notation and very
often on the form of the coefficients of the governing equations.
The continuity and momentum equations in their most accept-
able form read26'30

dp

where v is the average acoustic velocity through the porous
medium, Q is the porosity, a is the resistivity and pe is the
effective density. Throughout Sees. III-B and III-C, equations
and variables are in dimensional form, unless specifically stated
otherwise.

The porosity Q is usually defined as the ratio of the void
volume to the total bulk volume of the porous material. The
resistivity a is the same quantity that appears in the steady
form of the equation. The governing equations in Refs. 26-30
can be brought more or less into the same form. However,
the equation used by Tack and Lambert,31 even after it is
expressed in terms of the average velocity, shows some dis-
crepancies if compared with Eqs. (37-38).

The quantity a is found in various publications represented
by different symbols and referred to by various terms. Scott26

uses the symbol r and the term "resistance coefficient," Morse
and Ingard27 use the symbol <X> and the term "flow resistance,"
Zwikker and Kosten28 use the symbol o and the term
"resistance constant," Tack and Lambert31 use the symbol r
and the term "resistivity," and Bies32 uses the symbol R and
the term "flow resistivity." In general, a is not a constant but a
function of the velocity. Green and Duwez33 assume that

ff = <qH-/JpM (39)
where a and ft are independent of the fluid properties and
are functions of the mechanical properties of the porous material
such as the specific permeability, porosity, frontal surface ratio,
and structure factor. The linear part of the resistivity is due to
viscous resistance, whereas the nonlinear part is due to inertia
effects. At low velocities, o corresponds to Darcy's constant,
while at high velocities it corresponds to Forchheimer's
formula.25

The effective density is usually expressed as
pe = (40)

(37)

where s is a structure factor which accounts for the apparent
increase in the air density owing to the structural properties
of the material and the constrictions and blind passages.28

At least three independent constants are needed in order to
describe the unsteady flow of a particular fluid through a
porous medium. It is more convenient and more accurate to
measure directly the resistivity and effective density instead of
calculating them via viscosity, porosity, and various material
constants.32-34

To complete the fluid flow description, the acoustic pressure
and density are usually related by the equation of state

Pi=pice
2 (41)

where ce is generally a complex quantity27'32 and is referred
to as the effective speed of sound. It is real only in the
limiting cases of high and low frequencies. At low frequencies,
up to about 100 Hz, the temperature of the porous material
remains essentially the same during a cycle owing to the large
thermal capacity of the material; consequently, the compression
and rarefaction take place slowly enough for the gas to be
isothermal and

ce
2 = @T (42)

where & is the ideal gas constant. On the other hand, at
high frequencies, down to about 1000 Hz, the compression and
rarefaction take place so rapidly that there is no heat exchange
between the gas and the material. Consequently, the motion is
adiabatic and

ce
2 = y@T (43)

where y is the gas specific heat ratio.
In Eq. (38), the porous material is assumed to be homogeneous

and isotropic. Whereas the homogeneous assumption may be
reasonable, the isotropic assumption is not valid, in general,
because the resistivity and structure factor of a fibrous material
normal to the plane of the fibers are larger than those in their
plane.35'30 Consequently, pe and a are, in general, second-order
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tensors rather than scalars. For example, in two-dimensional
flows, Eq. (38) can be written in Cartesian coordinates as

Pell Pel2

Pe2l Pe22 021 022

= 0

(44)

C. Impedances of Liners
1) Liners with linear acoustic properties

To determine the impedance of a point-reacting liner with
linear acoustic properties, we introduce a Cartesian coordinate
system (see Fig. 4) and proceed as follows. The impedance of
the liner consists of contributions from both the cavity and
the porous facing sheet. The impedance of the cavity at the
cavity/sheet interface is27

ipw cw cot (coh/cw)
where the subscript w refers to the wall. The manner in which
the contribution from the porous facing sheet has been modeled
in the literature depends on the thickness of the porous material,
as discussed below.

a) Liners with thin materials: The impedance of a liner composed
of a thin porous material or perforated plate backed by a
cavity is

Z - AZ + ipw cw cot ((oh/cw) (45)
where AZ is the impedance change across the porous sheet or
perforated plate. For a time harmonic variation of the form
exp (— icot), dv/dt — — icov and Eq. (38) becomes

dp/dy +(o— icope)v = 0 (46)
Integrating Eq. (46) from y = 0 to j; = /, we obtain

p(0) + T - icope (47)

Since / is very small, v is approximately constant across the
porous material or the plate and Eq. (41) becomes

p(/) - p(0) + (<r - icope)/y = 0
Hence,

AZ = (G—icope)l
The specific acoustic impedance z is defined by

z = Z/pwcw (48)
and can be expressed in terms of dimensionless quantities as

z = R[(l- (ico/coo)] + i cot (coh/cw) (49)
where R = 0l/pwcw is the flow resistance and co0 = od0/peca is
the characteristic frequency of the facing sheet. In practice,
R and a>0 are determined experimentally. Within the literature,
the impedance of the facing sheet/cavity liner is usually described
by Eq. (49). However, for liners with thick facing sheets, it is
necessary to consider a more general equation.37 In addition,
perforated plates generally behave in a nonlinear manner.

Liners consisting of more than one layer of the thin-facing-
sheet, backing-cavity combination have been examined experi-
mentally by Atvars and Mangiarotty24 and theoretically by
Zorumski,38 Mariano,39 and Ko.40

b) Liners with thick materials: If / is not small compared with h,
we determine AZ by solving the equations of motion in the
porous material. Thus, we let

p = /(y) exp ( - icot), v = c)(y) exp ( - icot)
in Eqs. (37) and (38), eliminate p using Eq. (41), and obtain

g' - (iQo/pw ce
2)f = 0 f + (a - ipe co)g = 0 (50)

The solution of Eq. (50) is

(51)g = [aky/(a - ipe co)] sin (ky y+(t>0)
where a and <f>0 are constants and

ky
2 = iQfo(ff - ipe co)/pw c2 (52)

Hence, the impedance in the porous material is
Zm = [> - ipe co)/ky~] cot (ky y + </>0) (53)

The phase (f>0 is obtained by equating Zm to the impedance
of the cavity at y = I. The result is

, ,/><>= -/cy/+arctan tan —
cw

(54)
ipwcwky

Consequently, the specific impedance of the liner is37

z - [((7-ipea))/pwcwky] cot (/>0 (55)
Kaiser, Shaker, and Nayfeh37 showed that, except for very
thin facing sheets, a large error may be introduced if one
uses Eq. (49).

c) Bulk liners: For the two-dimensional bulk-reacting liner,
shown in Fig. 3c, an analysis similar to the previous leads to the
specific impedance of Eqs. (54) and (55) provided that ky is
given by36'41

ky
2 — —k2 + i£la}((j — ipea))/pwce

2 (56)
Scott26 analyzed the effect of isotropic bulk-reacting liners

on the wave propagation in two-dimensional ducts in the
absence of mean flow. His theory was verified by 'a number of
investigators in Refs. 34, 35, and 42-44. Kurze and Ver36

extended the analysis of Scott by considering anisotropic bulk-
reacting liners. Their results show that, for low frequencies,
the optimum attenuation of the lowest mode is achieved by a
bulk-reacting liner whose resistivity in the axial direction
increases with frequency, in agreement with the experimental
observations of Bokor.35'42 Nayfeh, Sun, and Telionis41 analyzed
the effect of isotropic bulk-reacting liners on the wave propaga-
tion in two-dimensional and circular ducts carrying sheared
mean flow. Their results show that considerable error may be
introduced by treating a bulk-reacting liner as a point-reacting
liner.
2) Liners with nonlinear acoustic properties

Measured data in typical aircraft engines indicate that the
noise intensity is the order of 160 db, and the acoustic
properties of the liners are no longer independent of the SPL
at these intensities. The appropriate nonlinear impedance of a
thin porous sheet or perforated plate is still unresolved (see, for
example, Ref. 45 for a review and new results). Rice46 has
examined the nonlinear resistance of Helmholtz resonators by
analyzing the interaction of jets from the resonator orifices
with the mean flow. A semi-empirical formula has been proposed
by Zorumski and Parrott47 relating the pressure drop across
the sheet or plate and the acoustic velocity as

r 0~ i&p = \ R(VI) + Y(VI)—• t?i (57)
I fa\

where R(v^ is independent of the sound frequency while % is
a function of the test frequency.
D. Boundary Conditions
1) Hard wall

At a hard wall, the appropriate boundary conditions are

v1-(v1-n)n =
7i = 0

(58a)
(58b)
(58c)
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where n is a unit vector normal to the wall and the wall is
assumed to be kept at a constant temperature. Equation (58a)
expresses the fact that the fluid cannot penetrate the wall while
Eq. (58b) represents the no-slip condition. For an inviscid
acoustic disturbance, Eq. (58b) cannot be satisfied, in general,
and the inviscid acoustic solution is not valid in a thin layer
called the "acoustic boundary layer" (see Sec. IV-C).

2) Lined wall
The boundary conditions (58b) and (58c) are applicable to

point-reacting liners. For bulk-reacting liners, the condition (58b)
is replaced by an expression of continuity of the shear stress.
However, the boundary condition (58a) needs to be replaced
by a new condition for both types of liners. For a no-slip
mean flow, all investigators agree that the appropriate condition
is the continuity of the normal velocity; that is,

Vl n = vn (59>
where the subscript p refers to the liner. On the other hand,
considerable discussion has appeared in the literature as to
whether continuity of particle displacement or continuity of
normal velocity is the appropriate boundary condition to use
when the mean velocity is taken to be nonzero at the wall.
In discussing the transmission and reflection of plane waves
at an interface between two moving fluids, Miles48 and Ribner49

derived a boundary condition based on the continuity of particle
displacement and pointed out that earlier studies using continuity
of normal velocity were incorrect. Ingard50 used the particle
displacement formulation in his discussion of reflection at a
solid boundary, and Gottlieb51 set up a simple computational
test in a linear shear layer to demonstrate that the particle
displacement was the appropriate boundary condition at a mean-
flow discontinuity. Nevertheless, reports that experimental
results were adequately predicted by the attenuation from a
uniform profile with continuity of normal velocity52 maintained
the question as a topic of interest. Tack and Lambert31 com-
pared predictions with experimental results and concluded that
neither form of the boundary condition when used with a
uniform profile was adequate over a range of flow conditions
but that they were "... inclined to believe that (continuity of
particle displacement) is a more correct boundary condition for
the uniform flow solution ...." However, their results show that
continuity of normal velocity is reasonably accurate over a
certain frequency range, and they conclude that it should be
more useful in that frequency range than continuity of particle
displacement. Mungur and Plumblee53 compared theoretical
results from a uniform profile using the two boundary conditions
with the theoretical results of a shear profile of several thicknesses.
As the thickness became smaller, the shear-profile results
exhibited a trend toward the particle-displacement results. A
more detailed examination of the numerical limit as the
boundary-layer thickness vanishes was presented by Savkar.54

Unfortunately the results approached a value slightly different
from the particle displacement result—probably a consequence
of the limitations of the method of solution that was used (see
Sec IV on the Ritz-Galerkin procedure). Recently, Eversman and
Beckemeyer55 and Tester56 used the method of matched asymp-
totic expansions to show that the shear-profile results approach,
in the limit of vanishing boundary-layer thickness, the results of
a uniform profile with continuity of particle displacement at the
wall. Nayfeh, Kaiser and Shaker57 confirmed numerically the
conclusion of Refs. 55 and 56. Hence, the appropriate boundary
condition is

£ = £P (60)
where £ is the particle displacement.

The boundary condition (60) can be interpreted as follows.
Because the uniform-mean-flow model assumes that the viscous
layers are vanishingly thin, the viscous layers should be modeled
as vortex sheets that separate the regions of uniform flow
within the duct and within the porous liners. These vortex
sheets comply with the waves propagating in the duct-liner
configuration. Thus, if F(r, t) = 0 is the equation describing the

location of a vortex sheet, the boundary condition (60) is
equivalent to

dt
at

at

(61 a)

(61b)

which states that any particle on the vortex sheet remains
on it for all times. For the special case, F(r, t) = y— £(x,t) = 0,
Eqs. (61) become

at y = £ (62a)
at y = £ (62b)

Linearizing Eqs. (62), we have
Vl=d£/dt+u0d£/dx at y = 0 (63a)

vlp = d£/dt+uopd£/dx at y = 0 (63b)
It should be emphasized that the conclusion that the continuity

of particle displacement is the appropriate boundary condition
is based on the assumption that the acoustic boundary-layer
thickness vanishes faster than the mean boundary-layer thickness
(all the theoretical studies cited above48"57 assumed an inviscid
acoustic disturbance). If these thicknesses are the same order,
the appropriate boundary condition is still an open question.

In addition to the above conditions, the acoustic pressure
must be continuous across the vortex sheet ; that is,

Pi = Pip (64)
For a harmonic wave,

where £0 is a constant and Eqs. (63) become
v = i(ku0-o)}^0, vp = i(kuop-co)£0 (65)

Eliminating £0 from Eqs. (65) and using Eq. (64), we have
P ^(kuop-CO)Pp

v (ku0-co)vp

Using the expression for the impedance in Eq. (48), we rewrite
Eq. (66) as

p kuop-co
-= T^——pwcwz (67)v ku0 — co

Using the inviscid part of Eq. (18), we express Eq. (67) as
*<ku0-co) p = Q (68)

dy cw(kuop—uj)
where the specific acoustic admittance ft — 1 /z.

For a point-reacting liner or a bulk-reacting liner with no
mean flow, Eq. (68) becomes

-f - l-^-^~ ftp = 0 (69)
dy cwco

For a uniform mean temperature, cw = 1 and Eq. (69) becomes
dp/dy - [_i(kM - co]2/co]ftp = 0 (70)

For a no-slip mean flow, Eq. (69) becomes
dp/dy-(ico/cw)llp = 0 (71)

which, for a uniform mean temperature, reduces to
dp/dy -icopp = Q (72)

Equations (69-72) are applicable at the upper wall of a
plane duct and at the outer wall of an annular duct. At the
lower or inner walls, the signs of the ft terms mustbe changed.

IV. Effect of Parallel Flow and Viscosity
The influence of the mean flow on sound propagation in

a duct has been the subject of a large number of investigations
that are discussed below. Two counteracting effects have been
identified and examined in these investigations. The first is
convection, which refers to the tendency of the mean flow to
carry the acoustic wave with it at its local speed, and the
second is refraction, which refers to the tendency of transverse
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Fig. 5 Effect of Mach number on attenuation; from Ref. 58.

gradients in the mean flow to induce a wave motion normal
to the duct centerline.10'31 The relative magnitudes of these two
influences depend upon the mean velocity and temperature
profiles. If a uniform mean flow is assumed, only the convective
effect will be present, and the governing equations are simpler
to solve than in the more general case. A discussion of the
results of studies which examine solely the convective influence
is given in Sec. IV-A. The results of studies which include the
effects of refraction and the methods of solution employed in
these studies are examined in Sec. IV-B.

A. Uniform-Flow Case
Several investigations50'58"61 have been concerned with

examining the convective effects produced by a uniform mean
flow. Such an approximation to the mean flow should be a
reasonable model for cases of very thin boundary layers, provided
the particle-displacement boundary condition is used.

For a plane duct, the problem to be solved is given by
Eq. (23) subject to a boundary condition of the form of Eq.
(70) at y = 1 and a boundary condition at the duct centerline:

p'(0) = 0, symmetric modes, (73a)

p(0) = 0, antisymmetric modes
The solution to Eqs. (23) and (73) is given by

( An cos ky y, symmetric modes
An sin ky y, antisymmetric modes

where
ky

2 = (Mk-co)2-k2

Substitution of Eq. (74) into Eq. (70) yields
ky tan ky + (ip/co)(Mk - co)2 = 0

for symmetric modes and

(73b)

(74)

(75)

(76a)

ky cot ky-(i/J/a))(Mk-a})2 = 0 (76b)
for antisymmetric modes. Thus, for uniform mean flow, the
problem reduces to the solution of a pair of algebraic equations,
either (76a) and (75) or (76b) and (75). Noting the periodic
nature of both (76a) and (76b), we can set

nn f 0, 2,4,... symmetric modes
ky = — + A n = < . . '2 [1,3,5,... antisymmetric modes
and reduce Eqs. (76) to a single equation

(77)

(78)

where

To examine all cases of upstream and downstream propagation,
we can consider M > 0 and use both the positive and negative
roots of the radical in Eq. (79), or we can use only the
positive root and take the Mach number to be positive for
downstream propagation and negative for upstream propaga-

tion. The two approaches are equivalent, and the latter is used
here. For hard walls, /?->0, and the solution of Eq. (78) is
simply / = 0 or ky = nn/2, n = 0, 1 , 2, . . . . Thus,

The nondimensional hard-wall cutoff frequency is then given
by

co = (\-M2)ll2nn/2
For frequencies above this value, the attenuation rate, Im (k),

is zero, and for frequencies below this value attenuation occurs
without the use of liners. Conversely, only those modes for
which

nn/2<(D/(\-M2)1'2

are of interest, since the higher modes are naturally cut off.
In lined ducts a similar cutoff frequency occurs, but its precise
value is difficult to calculate numerically.

The formulation of the problem in the manner outlined
above is due to Ingard50 who examined propagation between
two parallel plane boundaries, one rigid and one with finite
specific impedance and derived the basic eigenvalue equations
(75) and (76a) for symmetric modes. A numerical analysis of these
equations was not performed, but he did obtain an asymptotic
expression for the attenuation of the fundamental mode (n = 0)
by perturbing the equations about the hard-wall case :

'R* (ft 1Im(k) =
2 (1+M)2

where |/?| <^ 1. Hence, to the first approximation, only the
resistive characteristic of the liner contributes to the attenuation.
This result also shows that the upstream-propagating wave
(M < 0) is attenuated more than the downstream-propagating
wave(M>0).

For propagation in annular ducts, Eq. (27) is solved subject
to a boundary condition of the form of Eq. (70) at each wall.
The solution of Eq. (27) is given by

m(krr)'] (80)

(81)
m of the

where
kr

2 = (Mk-w)2-k2

and Jm and Ym are the Bessel functions of order
first and second kinds, respectively.

For the case of a circular duct, we must take Bn — 0 to
obtain finite pressures at r = 0. In this case, the boundary
condition at the outer wall yields

MU/0 = (i(]/co)(Mk-co)2Jm(kr)
or

krJm+i (kr) = [m- (ip/co)(o> - /cM)2] Jm(kr) (82)
which, together with (81), defines the problem for the eigen-
values kr and the complex wave number /c. Axially symmetric
modes are obtained from m = 0, and more complex circum-
ferential modes are obtained from higher values of m. For each
circumferential mode, there are an infinite number of solutions
to Eq. (82); the problem is similar to that posed by the plane

OD
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Fig. 6 Maximum attenuation as a function of frequency; from Ref. 58.
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Fig. 7 Comparison of theoretical and experimental results for peak-
attenuation frequency; h = 0.0834, co0 = 2000?r/ca; from Ref. 60.

case except that the repetitive nature of the solutions is not as
easily expressed as it is in Eq. (78).

For a hard wall and no mean flow in an annular duct of
inner radius ri , Eqs. (80) and (81) give the wavenumber k as

k = (a)2-kr
2)112

where kr is the cutoff frequency and is the solution to
J'm(kr)Ym'(krrl) = J'm(krr1)Ym'(kr). If co < kr, the waves are
attenuated without the use of a liner. This observation was
first noted by Tyler and Sofrin,62 who related the shaft frequency
Qs and the number of blades B to the sound frequency co = BQS
and the circumferential mode number m = B to obtain

where Mm is Mach number of the blade tips. Thus, the rotating
pressure pattern due to a single rotor will propagate only if
the blade-tip Mach number exceeds a critical value. The critical
value was shown to be greater than unity and approached unity
as ri -» 1 and/or m-> oo. Tyler and Sofrin also demonstrated
that the pressure pattern produced by a rotor-stator interaction
would contain supersonic, propagating components even when
the rotor tip speed is subsonic. Hence, current engine designs
minimize the interaction noise by omission of inlet guide
vanes and use of single-stage fans and large spacing between
the rotor and the exit guide vanes.63

Inclusion of the uniform axial mean flow in Eq. (81) leads
to cutoff (see, for example, Ref. 64) if

M2 + co2/kr
2< 1

or, for a single rotor, if
Mm<kr(\-M2)1/2/B

Rice58 examined the propagation of an initially plane pressure
wave in a cylindrical duct. The initial wave was approximated
by a combination of the first 10 axially symmetric modes,
and the sound power attenuation was calculated over a finite

length L. Special attention was given to the optimization of
the liner properties. For example, in Fig. 5 contours of constant
sound attenuation are shown in the liner specific impedance
plane for two values of the mean Mach number and a fixed
frequency. The liner properties required for maximum attenua-
tion clearly depend upon the mean Mach number. However,
Rice found that the maximum attenuation level that can be
achieved is practically independent of the Mach number, as
shown in Fig. 6, but does depend strongly on the wave
frequency—the higher the frequency the smaller the attenuation
levels that can be achieved. Rice discussed both the particle-
displacement and the normal-velocity boundary conditions at
the wall and apparently used the latter. Whether this affects
the general conclusion based on Fig. 6 is not clear without
conducting the complete set of numerical computations again.

Doak and Vaidya59 considered propagation in lined circular
ducts with mean flow (also considered were annular, circular,
rectangular, and arbitrary cross sections with no mean flow).
A detailed discussion of the identification of the eigenvalues,
i.e., the roots of Eq. (82), for all modes was included. Their
approach used a perturbation about either the hard-wall case,
J'm(kr) = 0, or the "pressure-release" case, Jm(kr) — 0. Although
their uniform-mean-flow results are invalidated by their use
of continuity of normal velocity at the wall, the main thrust
of the paper, which is the location of all roots of the eigenvalue
equation, is quite instructive.

Eversman60 and Ko61 have examined propagation in lined
rectangular ducts with two rigid walls and two lined walls,
and set up the eigenvalue equation for the general (m, n) mode.
However, the results of numerical computations were presented
for only the plane modes (m.= 0), i.e., solutions of Eqs. (78)
and (79) were presented. Both investigations considered a liner
consisting of a porous facing sheet backed by cellular air
cavities for which the impedance is described by Eq. (49). The
air cavity gives a narrow-band peak attenuation which nominally
occurs at quarter-wave-length resonance, and the resistance
of the facing sheet provides a broader band attenuation about
the peak attenuation (or tuning) frequency. However, both
investigations show that the tuning frequency for a specified
liner depends upon the Mach number, just as Rice found that
the liner properties for peak attenuation at given frequency
depended upon the Mach number.

Eversman60 limited his analysis to the fundamental mode
(n = 0) for the purpose of determining the variation of the
tuning frequency with Mach number. Figure 7 shows a com-
parison of the predicted peak-attenuation frequency a)p with
experimental data for a polymide liner whose resistance is
30 rayls. The results are in excellent agreement, and the
theoretical results are rather insensitive to the resistance value
that is chosen. Thus, the tuning frequency appears to be a
function only of the cavity depth and the mean-flow Mach
number. Experimental data presented by Eversman for other
types of facing sheets show considerably more scatter, but
the 30-rayl theoretical results still fit the experimental trend
quite well.

Ko61 examined the first 25 plane modes (m = 0; n = 0,1,..., 25)
in the rectangular duct. Figure 8 shows the distinct identification

Fig. 8 Eigenvalues of first seven modes; M =
0.36, R = 2, (D0 = 56.3, h = 0.06748; from

Ref. 61.

I 2 3 4 5 6 7 8 9 10

R«(ky)



138 NAYFEH, KAISER, AND TELIONIS AIAA JOURNAL

S40

3 35
O 30

fi 20

10

°2 .25 .3 .4 .5 .6 .7.8.9 I 1.5
FREQUENCY (kHz) = 0.58u)

Fig. 9 Effect of mean Mach number on the sound attenuation; R
1.5, co0 = 25.9, h = 0.271, L/d0 = 4.34; from Ref. 61.

of modes that occurs when Eqs. (78) and (79) are solved for
ky by varying the frequency with n fixed. For upstream propaga-
tion these eigenvalue loops, though distinct and well defined,
are not as orderly as those shown by Ko. The sound power
attenuation of each of the modes was determined and then
combined into a total sound attenuation, assuming approxi-
mately equal amplitudes for the modal energy distribution
\_An

2/Re(ky)Im(ky) equal to a const for all modes]. An extensive
and thorough parametric survey was conducted of the effects
of Mach number, duct height, and liner properties, and a
comparison of theoretical and experimental results for a Boeing
747/JT9D engine under a variety of operating conditions was
given. Figure 9 shows the effect of Mach number on the
attenuation over a range of frequencies. The peak in the
attenuation curve is a consequence of the duct liner properties,
as previously discussed. Both the convective effect on the
attenuation level (decreasing attenuation for downstream propa-
gation and increasing for upstream propagation) and the shift
in the tuning frequency are clearly shown. Thus, a knowledge
of the mean-flow operating conditions is essential to the design
of optimum linears. Figure 10 demonstrates the effect of the
liner resistance on the bandwidth about the tuning frequency.
The effect of the characteristic frequency of the liner, co0, is less
pronounced but increasing values of co0 broadens the bandwidth
somewhat, as shown in Fig. 11. In Fig. 12, the essential role of
the cavity depth in controlling the tuning frequency is
demonstrated.

Ko's comparison of theoretical and experimental data pro-
duced generally good agreement for the exhaust duct (down-
stream propagation) and an over-prediction of attenuation
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Fig. 10 Effect of acoustic resistance on the sound attenuation; M =
0.4, o}0 = 25.9, h = 0.271, L/d0 = 4.34; from Ref. 61.
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Fig. 11 Effect of characteristic frequency of acoustic lining material
on the sound attenuation; M = 0.4, R = 1.5, f0 = 0.58co0, h = 0.271,

L/d0 = 4.34; from Ref. 61.

for the inlet duct, a result that was attributed to the omission
of the refractive effects of the mean boundary layer.

B. Nonuniform, Parallel Mean Flows
The presence of gradients in the mean velocity profile produces

a refraction of the sound wave whose importance has been
demonstrated in numerous studies that are discussed below.
The equations that are solved in such studies are Eq. (22) for
plane ducts and Eq. (26) in circular ducts, subject to the
boundary conditions discussed in Sec. IV-A.

For the developing boundary-layer flows that occur in engine-
duct systems, the transverse mean velocity component is non-
zero, an effect that has been neglected in the equations cited
above. Thus, the application of Eqs. (22) or (26) to the flow
in engine-duct systems constitutes a "quasi-parallel" approxima-
tion. The attenuation is calculated at each streamwise station
using the local boundary-layer profile but neglecting the effect
of the growing boundary layer. The techniques of studying
nonparallel mean flows is examined in Sec. VI.

Since the coefficients in the differential equations are variable,
no closed-form solutions are available, and approximations
using either numerical or perturbation techniques are required.
A description of the methods of solution is contained in
Sec. IV-B, 1) and followed in Sec. IV-B, 2) by a discussion
of the results of the investigations of the effects of a shear
profile on acoustic propagation in a duct.

1) Methods of solution
Although the methods of solution that are discussed here

were developed for a study of the effects of velocity gradients,

.5 .6 7 .8 .91 1.5 2
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3 4
0.58w
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Fig. 12 Effect of acoustic lining depth on the sound attenuation; M =
0.4, R = 1.5, co0 = 25.9, L/d0 = 4.34, h = 0.271/z; from Ref. 61.
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i.e., a study of Eqs. (22) or (26), they are usually applicable to
cases of nonuniform temperature as well. Thus, in this section,
the methods of solution are frequently discussed in the context
of application to Eqs. (21) and (25).

a) Asymptotic expansions: Several authors have applied tech-
niques of perturbation analysis to the solution of the eigen-
value problem for acoustic propagation. The first such analysis
was given by Pridmore-Brown,16 who derived the governing
equation for the acoustic pressure in a rectangular duct in the
form of Eq. (22) and analysed the cases of a linear mean-
velocity profile and a 4th power-law profile. Using the "turning-
point" analysis of Langer (p. 339, Ref. 17), he obtained asymptotic
solutions, which are valid for large values of the frequency,
in terms of the Airy integrals.65 With these solutions, Pridmore-
Brown demonstrated that the refractive effects of the mean
velocity gradient were large and that these effects were greater
at higher frequencies; his results showed a sound pressure level
at the wall as large as 90 db greater than at the center of the
duct for co — 20 and a center line Mach number, Mc, equal to 0.5.

Pridmore-Brown's solution for the ^th power-law profile is
not valid at the wall, a fact that led to criticism of his
analysis. However, it should be noted that the basic difficulty
lies not with the method of analysis but with the choice of the
|th power law to describe the mean flow. The use of this
formula leads to an infinite shear at the wall that is totally
unrealistic and introduces a singularity that is difficult to handle
by any analysis. Analytically, the singularity is integrable, as
shown by Eversman.66 However, with numerical methods, con-
siderable care is required to obtain accurate solutions, and
even when the singularity is removed by use of a linear
sublayer at the wall, the numerical effort required for a forward-
integration solution (section Ib) is considerable.57

Tack and Lambert,31 who were interested in examining the
frequency spectrum co < l/<5, where d is the dimensionless
boundary-layer thickness, proposed a different, analytic
approach, in which the Mach number is used as the independent
variable and the solution is obtained as a power series in M.
The radius of convergence of such a solution extends to the
singularity at Mk — co = 0, i.e. to the "critical layer." The authors
encountered some difficulty with inaccuracy for the upstream
propagation cases and attributed this to the fact that the
critical layer occurs closer to M = 0 for upstream propagation
than it does for downstream propagation. In general, the authors
expressed disappointment with the solution thus obtained
because the calculated effect of refraction was not as large
as those measured in their experiments.

Eversman and Beckemeyer55 and Tester56 have obtained
solutions within the mean boundary-layer region by expanding
the acoustic pressure in an asymptotic series for small values
of the boundary-layer thickness 6. Following Eversman and
Beckmeyer, we let

rj=l-r/o
and

=0,

and expand the acoustic pressure into

Calculation of p(r\) to 0((S2) and evaluation of (dp/dr)/p at
y=l—6 yields

(dp/dr)/p =

where

/c \ 2 f f f 1 d£
1-MC- <if}co + d\ ai-a2 =- — -

coj { I jo [l-Mc0(/c/co)]

\-6ipco 1-MC0-
0)

at y=\-d (83)

appropriate boundary condition for the case of uniform mean
flow. Equation (83) can also be used as the outer boundary
condition for the known analytic solution, Eq. (80), within the
uniform core, and in numerical tests for small values of 6, it
has yielded accurate answers.55'67 An analysis of this type was
used by Eversman66 to obtain solutions for the \/N power-law
mean profile. Beckemeyer68 has extended the previous analysis
to include the effect of transverse temperature and density
gradients in the mean flow.

Other asymptotic approximations have been suggested by
Hersh and Catton69 and by Shankar.10 For hard- wall ducts,
Hersh and Catton expand the eigenvalue k and the eigenfunction
p(y) in asymptotic series in powers of Mc, the centerline Mach
number. This expansion about the plane-wave mode propagating
in a medium at rest was solved to 0(MC

2), and the results
were compared with their more accurate computations made
with a forward-integration technique. Reasonable agreement for
small values of Mc and co worsened as Mc increased (for
obvious reasons) and as co increased since the basic expansion
process assumed that co = 0(1).

Shankar10 also considered propagation in hard- walled ducts
and assumed that the mean flow was given by

and therefore used & as the perturbation parameter. The solution
was developed for arbitrary values of M0, but numerical calcula-
tions were obtained only for M0 = 0. Thus the basic perturbation
technique is closely related to that used by Hersh and Catton ;
however, Shankar did not apply the technique to the normal-
mode form of the equations, i.e., he did not assume, a priori,
that the solution was of the variable- separable form, Eq. (15).
Instead, he considered an initial-value problem in which a
harmonic disturbance was generated at x = 0 in an initially
quiescent medium, and in which Eqs. (10-14) with Re-^cc
governed the acoustic disturbance. Asymptotic solutions for
£ — > 0 were obtained using Fourier and Laplace transforms
for both transient and large time conditions. The zeroth-order
solution was a plane pressure disturbance travelling in a uniform
mean flow. Thus, Shankar's solution, as well as that of Hersh
and Catton, represents a perturbation about plane-wave propa-
gation. To the order considered, it was found that the solution
was composed of the superposition of wave modes, in which
the variables did separate. Thus, the solution was consistent
with the normal-mode approach.

In general, the limitations on the accuracy of the perturbation
methods offset any advantage that they have over the more
accurate numerical methods that are described below. An
exception is the use of Eq. (83) for small values of the boundary-
layer thickness to reduce the problem to an equivalent one with
uniform mean flow. This could result in a substantial reduction
in computational effort, provided that efficient and accurate
routines are available for the computation of Bessel functions
of complex arguments (see, for example, Ref. 70). In addition,
the equivalent uniform-mean-flow approach simplifies the identi-
fication of modes— an area that frequently proves bothersome
with numerical methods.

b] Forward-integration methods: Equations (21) and (25) can be
rewritten as a pair of first-order ordinary differential equations
of the form

dPl/dY=P2

and (84)
dP2/dY=f(Y,Pl,P2; k)

where PA represents the acoustic pressure p, P2 represents the
first derivative of p, and Y represents either y or r depending
on whether a plane or circular duct is being considered. The
function /(y,P l fP2 ; k) is

P2-

In the limit as <5 -> 0, Eq. (83) reduces to a statement of the
continuity of particle displacement at the wall, verifying the

T0 co-ku0_
\(co-ku0}2
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Fig. 13 Grid points in
the central-difference
method of Refs. 39,40,79

and 80.

J =

where
fO plane ducts
{1 axisymmetric ducts

Equations (84) can be solved numerically as an initial-value
problem if both P! and P2 are known at some initial station.
Since the amplitude of the eigenfunction is arbitrary, one initial
value, either Pi(0) or PiCO), can be selected arbitrarily. The
second value is then obtained from application of Eqs. (73)
in plane ducts, or Eq. (69) in an annular duct, or a condition
obtained from p(r) -»Jm(k, r) as r -> 0 in circular ducts. In the
circular-duct case, the use of forward-integration techniques
requires that the initial condition be transferred to a point
located AY from the centerline in order to avoid the singularities
in / (Y, P!, P2; k). The asymptotic behavior of the Bessel function
for small arguments provides the necessary information for this
transfer (see, for example, Ref. 71).

With both initial values known and with the use of an
assumed value for the eigenvalue, k, Eqs. (84) can be integrated
with any of a large number of numerical schemes. At the
outer wall, Y = 1, a check is made to determine whether Eq. (69)
is satisfied. Then, a Newtonian iteration on the value of k
is performed until this boundary condition is satisfied to some
specified accuracy.

The mode to which the solution converges in such an
analysis depends upon the initial guess that is used for k.
This feature is probably the greatest problem that is encountered
with numerical methods of solution. The usual approach is to
use a known analytic solution for uniform mean flow or no
mean flow to provide initial convergence to the desired mode
at a given frequency.71 Subsequent calculations then increment
the value of the frequency, or the Mach number, or the boundary-
layer thickness, and the eigenvalue k is required to be a con-
tinuous function of these parameters. Such calculations can
become somewhat tedious; thus Mikhail and Abdelhamid72

suggest the use of an effective Mach number together with the
uniform-flow solution as a quick method to obtain Re (k).

The use of a forward integration method was first suggested
by Mungur and Gladwell73 who used a fourth-order Runge-
Kutta method. The simplicity of this method, its stability, and
its accuracy—truncation errors are 0(AY5)—have lead to its
adoption in several subsequent investigations (see Refs. 53, 57,
69, 71, 74, 75); a predictor-corrector method (which was not
described) was used in Refs. 76 and 77.

c) Central-difference methods: For the discussion in this section
it is convenient to write Eqs. (21) and (25) in the general form

'dY
(85)

where Y represents either y or r for plane or axisymmetric
ducts, respectively. Hence

where

(86)
i H* ' -r vCO —KM J0 I

_(a)-kM)2
 2_Jrr^

= T O ~ ~~F*

0 plane ducts
axisymmetric ducts

For application of central-difference procedures, the governing
equation is evaluated at discrete grid points in the interval
of interest, and the finite-difference quotients

dp_
dY 2AY (87)

dY2
 n AY2

are used to reduce the problem to the solution of a set of
algebraic equations.

An elementary central-difference approach was used by Kurze
and Alien78 to examine the propagation of symmetric modes
in a rectangular duct. Although the finite-difference quotients
are second-order accurate, their analysis used large step sizes
and thus the accuracy is suspect.

Mariano39'79 and Ko40-80 have employed a method in which
the finite-difference procedure is applied only across the mean-
boundary-layer region to provide a modified boundary condition
for the known analytic solution, Eq. (74) or (80), in the uniform-
flow region. The finite-difference configuration is shown in
Fig. 13. Equation (85) is evaluated at the grid points n = 1,2,3,4
and, with use of Eq. (87), yields four algebraic equations for
six unknowns p0,pi,"-,ps- A finite-difference form of the
boundary condition at the wall provides a fifth algebraic
equation. These equations are then solved to obtain pi in terms
ofp0:

Pi = s0v0 (88)
The algebraic details of obtaining s0 may be found in Refs.
79 or 80. At the edge of the boundary layer, the first derivative
of p is represented by Eq. (87)

dp_
dY

Pi-p-i
2AY

Rearranging terms and substituting Eq. (88) gives

(89)

All information from the mean shear profile is contained in the
coefficient sot and the known solution in the uniform-flow
region, Eq. (74) or (80), is used to evaluate pot (dp/dY)0, and
p _ i in terms of Bessel functions or sine and cosine functions.
Equation (89) then provides the eigenequation which is solved
for the eigenvalues k. The truncation errors of the finite-
difference quotients of Eqs. (87) are 0(A Y2). Thus, the truncation
errors of this method are 0((52), and for thin boundary layers
the solutions should be accurate.

The relation of numerical solutions of this type to solutions
based on the use of Eq. (83) has been discussed by Mariano.81

Kaiser82 has proposed an approach that permits the use of
an arbitrary number of grid points in the region of interest

N

N-l

N-2

n+l
n
n-l
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3
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Y « ( n - l ) A Y

Fig. 14 Grid points in
the central-difference

scheme of Ref. 82.
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(see Fig. 14). Equations (85) and (87) yield a set of algebraic
equations of the form

Anpn+l + Bnpn + Cnpn-l=Dtt, n = 2,3,...,N-l (90)
Dn is identically zero for the parallel-flow cases considered
in this section but has been included in Ref. 82 to permit
application to nonparallel flow situations.

The addition of a boundary condition at Y = 0 and the
arbitrary specification of pN completes the set, giving N equations
for the unknowns p i , p 2 , - — ,pN- The coefficient matrix of these
algebraic equations is tridiagonal, and thus the solution of the
simultaneous equations is easily obtained by a standard
algorithm, occasionally called the Thomas algorithm, for the
inversion of tridiagonal matrices.83 A Newtonian iteration on
the value of k is performed until the calculated pressures
satisfy the outer boundary condition [a finite-difference formula-
tion of Eq. (69)] to a desired degree of accuracy. Truncation
errors are 0(AY2) or 0(1 /AT2) throughout.

Kaiser applied both the central-difference scheme and the
Runge-Kutta scheme to uniform flow in a plane duct so that
comparisons with the exact solution could be used to assess
the accuracy of each. For moderate accuracy requirements,
[errors of 0(10" 3)], differences are slight, with Runge-Kutta
being more efficient for the simpler lower modes and the central-
difference procedure being more efficient for the more complex
higher modes. For high-accuracy requirements [errors of
0(10" 5)], Runge-Kutta is clearly superior.

The central difference procedure may be the most desirable
for a study of the fully viscous acoustic equations that can
be obtained from Eqs. (16-20) with finite values of the Reynolds
number— a study that has not yet been attempted. This sixth-
order system of equations and the corresponding boundary
conditions represent a two-point boundary- value problem. Thus,
the use of a forward-integration process would require iteration
on the initial conditions as well as on the value of the complex
wave number. Although the additional iteration is easily accom-
plished as a consequence of the linearity of the equations, the
central-difference procedure may well prove to be the simplest
to apply.

d) Ritz-Galerkin procedure: For the discussion of this section
it is convenient to represent the acoustic pressure equation
in the form

L(p) = 0 (91)
where L is the appropriate linear operator from any of the four
Eqs. (21), (22), (25) or (26).

The application of the Ritz-Galerkin procedure requires that
the acoustic pressure be approximated by a polynomial

(92)
j=o

where </>/>>) are a linearly independent set of basis functions
that individually satisfy the boundary conditions. Various sugges-
tions for the choice of these basis functions have been made
byHershandCatton,69Savkar,54andUnruhandEversman.84-85

The assumed pressure profile, Eq. (92) is substituted into
Eq. (91), and the resulting equation is multiplied by </>m and
integrated across the duct to obtain

(93)

L[pn(y)']<l>m(y)dy = 0

This equation then can be written in the form

m-0,1,2,
j=o

where

Equations (93) provide a set of homogeneous algebraic equations
for cij which has a nontrivial solution only if the determinant
\Dmj\ vanishes. Thus

j = 0 (94)

provides the constraint from which the value of the complex
wave number k is determined.

The success of such an approach depends on the accuracy
with which the actual acoustic pressure is represented by the
selected polynomial expression. Hersh and Catton used n = 12
and reported that the eigenvalues were accurate to four decimal
places. They then refined their answers with the Runge-Kutta
method. Savkar used either n=\ or n = 2 for his calculations;
with no mean flow, the use of n = 1 yielded a complex wave
number that differed from the exact value in the fourth significant
figure; however, with a shear profile, the complex wave numbers
obtained from n = 1 and n — 2 differed from one another in the
second or third significant figure depending upon the Mach
number.

Unruh and Eversman84 thoroughly tested the convergence
and accuracy of the Ritz-Galerkin method by comparing the
results to those obtained from the Runge-Kutta procedure.
They concluded that the method is a good alternative to the
Runge-Kutta procedure, being superior for some applications
but requiring caution in other instances. In particular, para-
metric studies at constant frequency of the effect of flow
variables on the propagation of several modes can be accom-
plished very efficiently. However, at high frequency, Unruh and
Eversman found, as did Hersh and Catton earlier, that the
pressure profile of the fundamental mode was slow to converge
even though an accurate value of the eigenvalue had been
obtained. In addition, at low frequencies, computation of the
higher modes requires a large number of basis functions.

Application of the Ritz-Galerkin procedure to rectangular
ducts with boundary layers on all four walls was examined by
Unruh and Eversman.85

2) Effect of transverse velocity gradients
The use of the methods of solution discussed above to solve

Eqs. (22) and (26) requires that the variation of the Mach
number across the duct be specified. Since the effort involved in
calculating the actual mean-velocity profile is substantial, all
investigations of the effect of shear layers on sound propagation
have used various approximations for the mean flow, e.g., linear
[see Refs. 10, 16, 39, 40, 54, 57, 69, 73, 74, 79, 80, 84, 85],
quarter sine [see Refs. 53, 55, 66, 71, 76, 77], quadratic [see Refs.

0.02 0.04 0.06 0.08

BOUNDARY-LAYER THICKNESS
0.10

Fig. 15 Attenuation vs boundary-layer thickness for several profile
shapes: (L) linear, (Q) quadratic, (P) Pohlhausen, (T) jth power-law;

Mc = - 0.36, to = 5, JR = 2, co0 = 56.3, h = 0.06748; from Ref. 57.
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10, 57, 76], and \/N power-law [see Refs. 10, 16, 31, 57, 66, 69,
73-75] profiles. In order to evaluate the influence of these
approximations of the mean flow, Nayfeh, Kaiser and Shaker57

compared the attenuation rates that result from the use of
five different approximations to the shape of the mean profile.
Their results show that the attenuation rates from the various
profiles can be correlated by using two scaling parameters:
first, the shape factor9 (ratio of displacement thickness to
momentum thickness) of the approximate profile must be
appropriate to the character of the actual flow; second, the
displacement thickness, and not the boundary-layer thickness,
should be used as the characteristic boundary-layer dimension.
For example, Fig. 15, which presents the attenuation rate as
a function of the boundary-layer thickness, demonstrates the
substantial errors that can result from injudicious use of
approximations to the mean flow. The improved correlation
that results from use of the boundary-layer displacement thick-
ness is shown in Fig. 16. The linear profile with slip at the
wall was selected to have the same shape factor (1.29) as the
7th power-law profile by proper choice of the slip velocity,
and the results of these two profiles are in close agreement.
The quadratic and Pohlhausen (p. 192, Ref. 9) profiles have
nearly the same shape factors and produce nearly the same
attenuation rates (the quarter sine and Blasius profiles, though
not tested, are in the same range of shape factor, 2.5 to 2.66;
any of these profiles should be suitable for calculating the
effect of a laminar boundary layer); the widely used linear
profile has a somewhat higher shape factor (3.0) and produces
results that are slightly less useful in some instances. Thus, with
proper scaling, the use of approximate mean-velocity profiles
is suitable for prediction of the effect of shear layers on the
propagation of sound.

Studies of the propagation of plane modes in rectangular
ducts (see Refs. 10, 16, 31, 39, 54, 57, 69, 73, 74, 78, 79, 85),
axially symmetric modes in circular71'75 and annular53'66'75

ducts, and higher-order circumferential modes in circular80 and
annular40'76-77 ducts have all assessed the basic importance of
the influence of velocity gradients in the mean flow. Two
approaches have been used: studies of propagation in hard-
wall ducts have determined the acoustic pressure profile in order
to demonstrate the refraction of the sound; studies of propaga-
tion in lined ducts have determined the influence of the shear
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Fig. 17 Refraction of the fundamental mode in a rigid plane duct for
co = 20; from Ref. 69.

layers on the attenuation, a factor that depends upon the
liner properties as well as on the amount of refraction.

In general, the shear layers refract the fundamental modes
toward the wall for downstream propagation and away from the
wall for upstream propagation (see Refs. 10, 16, 69, 73-76).
This effect is clearly shown in Fig. 17, which presents the
acoustic pressure profile of the lowest plane, symmetric mode
for several values of the centerline Mach number and a non-
dimensional frequency of 20. For a Mach number of 0.3, these
results give a centerline pressure which is approximately 65 db
below the wall value for downstream propagation and 100 db
greater than the wall value for upstream propagation. Note,
however, that the shear layer is unrealistically large and that
the frequency is very high, both of which serve to magnify
the refraction.

It can also be seen in Fig. 17 that the refractive effect is
increased by increasing the Mach number and is greater for
upstream propagation. In addition, it is widely recognized that
the refraction is greater for high frequency sound than it is for
lower frequencies.10'16'31'69'73 More precisely, the refraction is a
function of the difference between the frequency and the cutoff
frequency.76'77

Although the refraction of the higher modes is sub-
stantial,53'69'73'76 the pressure profiles do not lend themselves
to the simple interpretations given above. Shankar74'75 has
combined the first eleven modes to represent a plane wave
at the duct entrance and then examined the pressure profile
as the wave travelled downstream. At lower frequencies, the
higher modes were cut off, and increasing frequencies produced
greater refraction. However, at high frequencies and Mach
numbers, the wave pattern was one of interference among the
higher modes [recall that the hard-wall cutoff mode in uniform
flow is nn/2 = co/(l — M2)1/2] rather than one of refraction.

In lined ducts, the channeling of the acoustic-pressure intensity
by the shear profile as described above is expected to result
in an increase in the attenuation rate for downstream propaga-
tion and a decrease in the attenuation rate for upstream propaga-
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Fig. 18 Attenuation vs displacement thickness for CD = 3 and co = 5
in a plane duct; Mc = 0.36, R = 2, co0 = 56.3, h = 0.06748; from

Ref. 57.

tion. This anticipated trend can be found in the results of most
studies of the effect of shear flow in lined ducts (see Refs.
31, 53, 54, 57, 71, 76, 77, 79, 80). For example, the fundamental
modes in Figs. 16 and 18 follow the expected trend: increasing
the boundary-layer thickness leads to an increase in the attenua-
tion in downstream propagation and a decrease in upstream
propagation. However, exceptions to this trend have been noted
in the higher modes (see, for example, Refs. 57, 71); Fig. 16
includes an example of such an exception. In addition, Savkar54

obtained results in a certain Mach number range that were
opposite to the expected trend for downstream propagation
of the fundamental mode; however, in this case the variation
may well be within the range of computational error (see Sec.
IV-B, Id).

The optimization of liner properties for upstream sound
propagation has been discussed by Mariano,86 who concluded
that the potential loss of attenuation due to refraction of the
sound away from the walls can be cancelled to a large degree
by a proper selection of the liner properties.

The importance of examining the higher modes has been
emphasized in the studies by Eversman,71 Mariano,79 and Ko80

as well as Shankar.74'75 Because the fundamental mode need
not be the least attenuated, as demonstrated in Fig. 16, and
because the higher modes do not always follow the expected
trends, as discussed above, conclusions based on the behavior
of just the fundamental mode can be erroneous.

The effect of the shear layer on downstream-propagating
waves is usually much smaller than the effect on upstream
propagating waves [see Refs. 10, 57, 71, 76, 77, 79, 80 and
Fig.s 16 and 18]. The influence of the shear layer on the

attenuation rate usually increases with increasing frequency—as
shown in Fig. 18—due to the increased refraction at higher
frequencies that was cited earlier. However, in some studies79'80

the effect of the shear layer on the attenuation has reached a
maximum and then decreased as the frequency was increased
to very large, values. This is a consequence of the use of Eq. (49)
to describe the liner impedance: as a)h -» n, Eq. (49) predicts a
rigid wall.

With due regard to the exceptions noted above, the results
of the computations cited above show that the effect of the
velocity gradients in the mean flow act in opposition to the
convective influence discussed in Sec. IV-A. Whereas, in down-
stream propagation, the gross motion of the fluid tends to
increase the speed of propagation of the acoustic wave thereby
decreasing its attenuation rate, the velocity gradients in the
mean-flow boundary layer tend to refract the acoustic wave
toward the wall thereby increasing the effectiveness of the liner
and increasing the attenuation rate. For upstream propagation
these effects are reversed. Also the refraction increases with
increasing frequency. These trends have been measured experi-
mentally, and are clearly shown by the data of Tack and
Lambert31 depicted in Fig. 19. The attenuation of the low
frequency signal, 130 cps, follows closely the convective trend
described in Sec. IV-A, indicating very little refractive effect of
the shear layer on long wavelength signals. However, the
refraction of the signal increases as the frequency increases,
and at 2060 cps the attenuation is nearly flat over the experi-
mental range of flow velocities, indicating nearly equal con-
vective and refractive effects.

Direct comparisons of theoretical predictions and experi-
mental measurements of attenuation in duct facilities have been
presented by a number of investigators (see Refs. 39,79,80,87-91).
For such comparisons, it is desirable to match the theoretical
pressure profile at an initial station to an experimentally
measured profile. Since this data was not available in some
instances, a number of approximations have been introduced
for the modal distributions in the theoretical studies. The
theoretical calculations of Mariano39'79 and of Ko80 contained
an equal amplitude assumption for the modal energy distribution.
In light of the basic importance of this assumption, the theory
and experiment exhibited reasonable agreement. Both authors
noted the critical need for a better understanding of modal
distribution within ducts. Feder and Dean87 investigated several
assumptions for the modal distribution: all energy propagates
in the least attenuated mode; all propagating modes initially
have equal energy; and all propagating modes initially have
equal amplitude. Plumblee88 found that an assumption of
constant sound pressure in the radial direction at the liner
entrance closely approximated his experimental data for
frequencies below 1620 Hz.

The work of Plumblee, Dean, and co-workers88"91 has
provided conclusive evidence of good agreement between experi-
mental observation and theoretical predictions both for in-
dividual modes and combinations of modes. The key element

Fig. 19 Measured values of at-
tenuation as a function of the
centerline velocity; from Ref. 31.
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in making such comparisons is the use of in situ measured
values of liner impedance. The remaining discrepancies between
experiment and theory appear to be a consequence of spatial
variations in the liner properties due to inhomogeneities arising
from the manufacturing process (these points are also discussed
in the review article by Doak92).

Finally, it is noted that the mean flow in annular ducts
may have a swirl component, i.e., a ^-component. The governing
equations for acoustic propagation through such a flow have
been developed by Kapur and Mungur,93 but the influence
of the swirl component of the mean flow has not been
evaluated numerically.

C. Acoustic Boundary Layers
The solutions discussed above are all based on an assumption

that the acoustic disturbance is in viscid and non-heat-conducting.
The only effect of viscosity that has been included is an
indirect one, the refractive effect of the velocity gradients in
the mean flow. Because the inviscid, non-heat-conducting solu-
tions do not satisfy the no-slip boundary condition, Eq. (58b),
or the constant-temperature boundary condition, Eq. (58c),
they are not valid in narrow regions near the duct walls,
regions which we will call the acoustic boundary layers.

The existence of the acoustic boundary layer has long been
recognized, with the earliest estimates of the influence of viscosity
and heat conduction on the attenuation of plane waves propa-
gating in rigid circular ducts being due to Kirchhoff and to
Rayleigh.94 Experimental tests of this result, extension to higher
modes in both circular and rectangular ducts, and alternate
formulations of the problem followed, with considerable dis-
cussion appearing in the literature of the 1950s (see, for example,
Refs. 95-98). In all cases, these studies considered no mean flow
within the duct.

The solution for the case of nonzero mean flow has been
obtained by Nayfeh" using the method of composite expansions
(see, for example, Sec. 4.2 of Ref. 17). In this approach, the
acoustic disturbance is represented as the sum of the usual
inviscid disturbance plus a viscous portion that is small every-
where except in a small layer, 3a, near the wall. Taking da =
[2/Rep0(l)co]112 = (2fLw/pS30

2)1/2
t where the tilde indicates a

dimensional quantity, and assuming that the mean-flow boun-
dary layer is large compared with the acoustic boundary layer,
Nayfeh showed that the effect of the acoustic boundary layer
was to modify the wall boundary condition for the inviscid
acoustic disturbance such that

where

(95)

is an effective specific acoustic admittance.
Thus, even in a hard-walled duct, the acoustic boundary

layer produces an effective admittance that is a function of the
acoustic boundary-layer thickness, the wave number and
frequency of the waves, and the mean velocity and temperature
gradients at the wall. Numerical evaluation of the significance
of the acoustic boundary layer has not been accomplished for
cases with shear flow. However, for the case of no mean flow, the
reactive component of Eq. (95) produces a dispersion that has
been shown by Pestorius and Blackstock100 to have a strong
effect on the wave form of weak shocks propagating in rigid
tubes.

The basic assumption that the acoustic boundary layer is
small compared with the mean boundary layer is reiterated
at this point. If the two layers are the same order, then it is
necessary to return to Eqs. (16-20) for an evaluation of the
viscous and heat-conduction influences on the acoustic wave.
For the sake of illustration, if we assume a laminar, uniform-
temperature mean flow, the boundary-layer thickness on a flat

GO
•o

LU
QC

0_
o

ou

o
u

u
QC

25 r

§
I

O
3
o
CVJ

-20 "-

Fig. 20 Variation of sound level with distance from the wall for the
lowest mode; from Ref. 104.

plate is 6 = 5.0(x/ReMc)1/2, where x is the distance from the
duct entrance (cf p. 130, Ref. 9). Thus

=

d 5\cox
and the ratio of the boundary-layer thicknesses need not be
small.

V. Effect of Temperature Gradients
Except for the work of Mungur and Tree,101 Kapur and

Mungur,102'93 Kapur, Cummings and Mungur,103 Nayfeh"
and Nayfeh and Sun,104 all the existing investigations of sound
transmission and attenuation in ducts take into account mean
velocity gradients but neglect mean temperature gradients.

Kapur, Cummings, and Mungur103 analyzed the wave propa-
gation in a combustion can with no mean flow, taking into
account axial temperature and density gradients. They found
that their solution was very sensitive to the acoustic transfer
impedance of the system at the burner.

Mungur and Tree101 derived an equation describing the
acoustic pressure, taking into account both the mean velocity
and temperature gradients, but presented numerical results only
for the case of a rigid wall and no mean flow. Their results
show that the temperature gradients have refractive effects similar
to those for sheared mean flow. Moreover, the temperature
gradients result in a contraction of the transverse wavelengths
of some of the modes. Kapur and Mungur102 investigated the
interaction of boundary layers in the presence of transverse
temperature gradients in a rectangular duct. No numerical
results were presented.
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Using the method of composite expansions (see, for example,
Sec. 4.2 of Ref. 17), Nayfeh" found that the effect of the
acoustic boundary layer is to modify the specific wall admittance.
The modified admittance fim depends on both the transverse
velocity and temperature gradients, as shown in Eq. (95).

Nayfeh and Sun104 evaluated numerically the effects of trans-
verse temperature gradients in two-dimensional ducts carying
mean flow. To discuss their results, it is more convenient
to use the centerline temperature Tc and mean velocity uc instead
of the ambient values in making the variables dimensionless.
Thus, Eq .(21) becomes

2ku'0 T0'-dp Mc
2(u0k-co)2

where Mc is the centerline Mach number. For a flat plate,
the mean-temperature profile is related to the mean-velocity
profile by (see, for example, pp. 339-346 of Ref. 9)

M2\u0(y}\[\-u0(y)\\ (97)
where the recovery factor r can be adjusted to fit the experimental
data. It was taken to be unity in the calculations. The mean-
velocity profile is assumed to be uniform except in thin boundary
layers where it is linear, that is,

u0(y) = ± 1 for 0 g y ̂  1 -5 (98a)
u0(y) = ± 0 - y)/o for \-5^y<,\ (98b)

where the positive and negative signs are used to investigate
downstream and upstream propagation, respectively. The cal-
culations were performed using the forward-integration pro-
cedure described in Sec. I VB for the case of symmetric modes ;
that is, for

dp/dy = 0 at y = 0 (99)
Figure 20 shows the variation of the sound level in the

lowest mode with the wall temperature and with the distance
from the wall for the case of a hard-walled duct and the
conditions : Mc = ±0.36, 6 = 0.06, y = 1 .4, Ta = 5\9°R, and Tc =
2000°R. Figure 20 shows that cooling the wall directs the
sound toward the walls for both upstream and downstream
propagation.

For downstream propagation and soft walls with a)0 = 56.3,
and h = 0.06748, Fig. 21 shows that cooling the duct walls
leads to a shift in the peak attenuation rate to a lower
dimensionless flow resistance. The peak value may increase
or decrease with wall cooling depending on the frequency.
Moreover, their numerical results show that the wave number

6 0.01 -

O.OOl
O.I 10.0

is insensitive to temperature gradients but the attenuation rate
increases as the wall is cooled.

For upstream propagation their results show that heating the
duct walls leads to a decrease in the attenuation rate. How-
ever, the rate of decrease of the attenuation rate with wall
temperature decreases as the mode number increases. Moreover,
the peak attenuation rate of the lowest mode decreases and
shifts to a higher dimensionless flow resistance as the wall
temperature increases. No numerical results are yet available
for circular and annular ducts.

VI. Ducts with Variable Cross Sections
There are many physical situations which require the predic-

tion of the wave propagation and attenuation in ducts with
varying cross sections with or without mean flows. These
situations include horns, loudspeakers, central air conditioning
and heating installations, high speed wind tunnels, aircraft-
engine duct systems, and rocket nozzles. We start our discussion
with the case of no mean flows and follow it with the case of
mean flows in Sec. VIB.

A. Case of No Mean Flow
A number of approaches have been developed to analyze the

wave propagation in ducts with variable cross sections without
mean flows. These approaches include expansions for low
frequencies, variational methods, approximation of the duct by
series of stepped uniform sections, and the method of multiple
scales. These approaches are discussed in order below.

I) Expansions for low frequencies
Webster105 integrated the linearized acoustic equations (JO-

12) with p0 constant over the duct cross section and obtained
1 8 /gdpA 1 82p,
sdx{ dx c2 dt2 (100)

Fig. 21 Effect of wall temperature and dimensionless flow resistance
on the attenuation rates of the lowest two modes for Tc = 2000° R and

downstream propagation; from Ref. 104.

where S is the cross-sectional area of the duct. This equation
is referred to as Webster's horn equation. It can also be derived
from the quasi-one-dimensional, incompressible equations of
motion by expanding the flow variables about the uniform
pressure p0 and density p0.

Closed-form solutions have been found for Eq. (100) for
conical, exponential, and catenoidal horns. Extensive studies of
Webster's equation have appeared in the literature (see, for
example, Ref. 106).

Puebe and Chasseriaux107 carried out an expansion of the
acoustic equations in powers of d0/%, where / is the wave
length. The first term in their expansion corresponds to Webster's
equation.

Note that Webster's equation describes only the lowest (zeroth
mode) of feound propagation. To determine the other modes,
one needs to use one of the techniques described in the following
sections.

2) Variational methods
There are two variants of this method. In the first approach

(Rayleigh-Ritz procedure), which is commonly used by solid
mechanicians, a functional is formed such that its first variation
gives the acoustic equation and the appropriate boundary condi-
tions. One then assumes a solution with undetermined co-
efficients and determines the equations describing these
coefficients by minimizing the functional. Such an approach is
being pursued by Beckemeyer and Eversman108 for ducts with
or without flow.

In the second approach (Galerkin procedure), one assumes a
solution with undetermined coefficients and determines the
equations describing the coefficients by substituting the assumed
solution into the governing equations of motion and boundary
conditions and minimizing, in some sense, the error. Such an
approach is most commonly employed in solid mechanics and
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in electromagnetic wave theory. Stevenson109 applied this tech-
nique to the problem of wave propagation in hard-walled ducts.
He assumed that the acoustic velocity potential has the form

•<t> = Z,Amn(x)\lsmn(y,z- x)exp(-icot) (101)
where \l/mn are the orthonormal characteristic modes for the
wave propagation in a uniform duct having a cross section
the same as the local cross section of the non-uniform duct.
The corresponding wave number is denoted by kmn. For a
rectangular duct with half widths b(x) and d(x),

2 nny mnz
^ = /T3u/2cos -r cos ~r 002a)

kmn
2 = co2- (102b)b2 d2

Substituting Eq. (101) into the governing equation and boundary
conditions and using the orthonormality of the i/^s, he arrived
at coupled ordinary differential equations of the form

dx2 **-mn ~ * l-^s (103)

where F is a function of all the X's.
By neglecting the interaction between the different modes

(i.e., F — 0), Stevenson solved the resulting uncoupled equations
by using the WKB method (see, for example, Sec. 7.1.3 of
Ref. 17) and obtained

A —s*-mn — (104)

where amn is a constant. This solution breaks down if kmn
vanishes at some axial location in the duct. Using a turning-
point analysis (see Sec. 7.3.2 of Ref. 17), one can express the
solutions of the uncoupled Eq. (103) in terms of the Airy
function of the first kind. Thus, if kmn = 0 at an axial location
x0, the mode (m, n) consists of a standing wave on one side of
x0 and an exponentially attenuated wave on the other side.

3) Approximations of ducts by stepped uniform sections
The basis of this approaches the solution obtained by Miles110

for the reflection and refraction of sound as it propagates
past a single discontinuity (Fig. 22). He imposed the conditions
of continuity of pressure and velocity over the region 0 ̂  r fg di
and vanishing of velocity over the region di :g r ̂  J2- The
result is an infinite series of coupled algebraic equations for
an infinite number of coefficients. This infinite series must be
truncated after a finite number of terms and the accuracy of
the resulting solution deteriorates as the ratio d^d^ increases.

Zorumski and Clark111 and Lansing and Zorumski112

analyzed the effect of a continuous variation in the wall
admittance of a duct with uniform cross section by approximat-
ing the duct by a series of sections, each with a different
admittance. They matched the pressure and velocity at all
interfaces of the different sections. Alfredson113 extended the
method of Zorumski and Clark to include variations in the
cross sections.

4) Slowly-varying cross sections
Nayfeh and Telionis114 used the method of multiple scales

(see Chap. 6 of Ref. 17) to determine the propagation of a
wave packet in rectangular and circular ducts with slowly

Fig. 22 Geometry
of single discontinuity.

varying cross sections and slowly varying wall admittance.
They assumed the acoustic velocity potential to have the form

O(xi, Ti,y,z; e)exp (/</>)
where x^ = sx and 71 = st, with s a small parameter the order
of the maximum slope of the wall and

d(/)/dt = -CO(XI,TI) and dfy/dx = k(xlf 7i) (105)
with co the frequency and k the complex wave number.
Expanding O in powers of £ according to

<X> = O0(xi, Ti,y,z) + efi>i(xi, Ti,y,z)+ ..., (106)
substituting into the wave equation and the boundary conditions,
and equating coefficients of like powers of e, they obtained
problems for <D0 and <Di.

The solution of the first-order problem is

where i// is the characteristic mode obtained by assuming that
the cross section is uniform. A(XI,TI) is still an undetermined
function. The second-order problem for <I>i is inhomogeneous,
and it has a solution if, and only if, a solvability condition is
satisfied. This condition yields an equation for A of the form

dE/dT, + d/dxi[(da>/dk)£] =0 (108)
where for two-dimensional ducts

, k2sin2kyd\l+ ,, , 009)
2kyd J

d(xi) is the duct half width and ky is a solution of
kytankyd= -kop (110)

For rigid walls, ky = nn/d, E is the acoustic energy flux and
dco/dk is the group velocity.

For a monochromatic wave (dco/dT^ = BA/dTi = 0), Eq. (108)
integrates into

A2kfd^^yA = consi (111)

Note that this solution is invalid at any axial location x0
where k « 0. In such cases, the exponential variation of Oi
with x must be replaced by that of an Airy function. The
modified solution shows that such a mode consists of a standing
wave on one side of x0 and an exponentially attenuated wave
on the other side. For the case of hard-walled ducts, the
solution of Nayfeh and Telionis is equivalent to that of Stevenson
for slowly varying ducts.

5) Sinusoidally varying walls
Isakovitch,115 Samuels,116 and Salant117 obtained perturba-

tion solutions for wave propagation in ducts whose rigid
walls have sinusoidal variations of small amplitude. Under
certain conditions, their solutions predict unbounded distur-
bances from the small wall variations; hence, the basic perturba-
tion expansion is invalid at these resonant conditions. They
tabulated the resonant frequencies from numerical solutions
but did not examine the nature of the wave propagation
near resonance. Nayfeh118 pointed out that resonance occurs
whenever the wave number of the wall variations, kw, equals
the sum or difference of the wave numbers, km and kn, of any
two acoustic modes, and he obtained the solution for the wave
propagation near resonance. His solution shows that only the
resonant case kw ~ kn — km occurs in traveling waves, but both
resonances, kw ^ kn±km, can occur in standing waves. Further,
the solution shows that the amplitudes of both modes are
bounded and that the two modes interact such that one mode
cannot be qxcited without strongly exciting the other.

B. The Case of Mean Flow
Large and co-workers119 found experimentally that sizable

attenuation of acoustic waves is possible in a duct with an
inlet throat if the mean flow Mach number is 0.8-0.9. Chestnut
and Clark120 investigated experimentally the effect of inlet wave-
guide vanes (cambered, uncambered, translating and rotating)
on the reduction of noise in jet engines. A pure tone of 500 Hz
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Fig. 23 Noise spectra of stationary, uncambered inlet guide vane;
from Ref. 120.

was directed against the mean flow and through the throat.
Figure 23 shows a sample of their results for an uncambered
inlet waveguide vane. Note that the pure tone and all its
harmonics were completely attenuated and the broad-band noise
was considerably reduced. They found that the fundamental
mode may be transmitted through the throat with little attenua-
tion even if the mean flow is fully choked. They attributed this
phenomenon to sound transmission through the mean boundary
layer.

These experimental discoveries motivated several theoretical
investigations of the wave propagation in ducts of varying
cross sections with mean flows. Direct application of purely
numerical techniques to the acoustic equations are in their
infancy; the first attempts121-122 have examined simplified flow
cases to develop the necessary numerical techniques. King and
Karamcheti121 applied the method of characteristics to solve
the quasi-one-dimensional acoustic equations in the x-t plane.
Baumeister and Rice122 used a finite-difference method to
examine harmonic waves in a two-dimensional uniform duct
with uniform flow. However, most studies have employed an
analytical technique or approximation, frequently in conjunction
with a numerical solution. These investigations are discussed
below in order of increasing complexity of their approxima-
tions for the mean flow: one-dimensional flow; one-dimensional
flow with a normal velocity component, and two-dimensional
flow.

1) Quasi-one-dimensional flows
Most of the work done on the wave propagation in slowly-

varying ducts with mean flows is based on the hypothesis
that both the mean flow and the acoustic wave are quasi-
one-dimensional. Some of the approaches and results are
discussed below.

a] Propagation of discontinuities: Whitham123 and Rudinger124

treated the propagation of shock waves in ducts with varying
cross sections, while Powell125 used a multiple reflection method
to develop a one-dimensional treatment of the propagation
of a pressure pulse through a channel with a variable cross
section and carrying a compressible flow. Assuming that the
whole incident wave is transmitted, he concludes that

Pl
2S(\+M)/Poc0 = const (112)

where pl is the rms pressure increment. Thus one expects the
wave to increase on encountering a decreasing passage area
at low mean velocities. At Mach numbers exceeding 0.4, he
found that the wave strength decreases on encountering a
decreasing passage area, in qualitative agreement with the experi-
mental results of Refs. 119 and 120. Powell126 also extended
his multiple reflection method to sinusoidally varying pressure
waves.

b) An exact solution: Eisenberg and Kao127 analyzed the linear
quasi-one-dimensional wave propagation in a duct with variable

cross section and carrying quasi-one-dimensional mean flow.
The governing equations were transformed into a pair of
uncoupled second-order ordinary differential equations with
variable coefficients. By choosing an appropriate, semi-infinite,
divergent duct from the sonic throat, they were able to reduce
these equations to equations with constant coefficients. Their
results show that the wave amplitude may increase or decrease
in a converging channel depending on the mean flow Mach
number and the wave frequency. Their solution exhibits standing-
wave characteristics with wave amplitude approaching infinity
as the throat is approached. For a general duct, numerical
techniques can be used to solve the variable-coefficient equations.

c) Numerical methods : Solutions of the one-dimensional acoustic
equations with variable coefficients have been obtained by Davis
and Johnson128 and by Kooker and Zinn.129 Davis and Johnson
used a forward-integration, "shooting" technique to obtain solu-
tions for traveling waves in several duct-nozzle configurations.
Kooker and Zinn used a relaxation technique to solve for
standing waves in a combustion-chamber choked-nozzle
configuration.

An alternate approach in which the duct is approximated
by a series of cylindrical and conical sections has been developed
by Hogge and Ritzi.130 In this analysis, only the mean flow
is assumed to be one-dimensional; all acoustic modes are
included. Analytic solutions in each section (for conical sections
an asymptotic solution for small cone angles is used) are
matched at the approximate interfaces between sections. Since
the end surfaces of the conical sections are spherical rather
than planar, the interfaces between sections do not match
exactly and some error is thus introduced.

d] WKB approximation: Huerre and Karamcheti131 analyzed
the propagation of the lowest acoustic mode in a duct with
variable cross section carrying quasi-one-dimensional, compres-
sible mean flow. Assuming each flow quantity to be the sum of
a steady part and an acoustic part, they derived the equations
describing the acoustic parts. These equations were combined
to yield the following equation for the acoustic velocity potential

dh0
rdx dxJ"dx

= d/dt + u0(x)(d/dx)
which is a generalization of Webster's horn equation (100) to
the case of compressible mean flows.

Huerre and Karamcheti sought an approximate solution to
Eq. (113) for short waves (ray acoustics) by letting

O(x, t) = l\l/0(x) + s\l/1(x) + ...] exp \i(Dt- iwO(x}]
where (114)

g = — i/co <| 1
Substituting Eq. (114) into Eq. (113) and equating coefficients
of like powers of e, they obtained the desired equations describing
9 and \l/n. Solving these equations and then determining the
acoustic pressure, they obtained the following equation for the
pressure amplitude

Aa:
M(x)±l \ S(x)

(115)

which apart from the factor (M±l)1/2 is equivalent to Eq.
(112), the equation obtained by Powell.125

2) Flows with a normal velocity component
Tarn132 used the Born approximation (see, for example,

Sec. 7.4.1 of Ref. 17) to determine the backscattering of a
spinning acoustic- wave mode in a circular duct with variable
cross section when it is incident in the upstream direction on a
throat or constriction in the duct. He assumed that the radius of
the duct near the throat varied according to

r=l-ea(x), £ < 1 (116)
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and he modeled the mean flow by
n0(r,x)«l/(0,x)

v0(r,x)KsU(0,x)r(dai/dx)
Thus, he included the effect of a small normal velocity component
but neglected the refractive effect of the boundary layer. He
assumed the total wave to consist of an incident and a scattered
part and used the Born approximation to determine the equations
describing the scattered part, which he then solved by using
Fourier transforms.

His results show that the backscattering is unimportant for
axial Mach numbers below 0.4. However, a substantial
attenuation of wave energy is possible for an axial flow Mach
number of about 0.6 and throats of reasonable area reduction,
in qualitative agreement with the experimental observations.

3) Flows with transverse velocity gradients
Nayfeh, Telionis and Lekoudis133 used the method of multiple

scales (Chap. 6 of Ref. 17) to analyze the propagation of all
acoustic modes in a two-dimensional duct with a slowly varying
cross section that carries an incompressible, sheared mean flow.
Extension of the analysis to annular ducts has been accomplished
by Nayfeh, Kaiser, and Telionis.134 In the two-dimensional
case the mean flow is given by Eq. (28) with constant p0,
T0, and p0 and the acoustic wave is given by Eqs. (29). The
expansions

; Xl)+... (118)
; xO+. . . (119)

v = H0(y; xO + fiHifr; xO+ . . . (120)
are substituted into Eqs. (31-33) with constant p0, T0, and p0
and into the boundary conditions, the equations are expanded
for small £, and the equations describing Fn, Gn and Hn are
obtained by equating coefficients of like powers of e. Gn and Hn
are eliminated to yield a homogeneous, ordinary differential
equation, with homogeneous boundary conditions, for F0(y; Xi)
and to yield an inhomogeneous problem for Ft(y; Xi). The
problem for F0(y; x i) is the same as that for acoustic propagation
in parallel ducts, Eqs. (22) and (72), except that X! appears
as a parameter in the duct dimension d(xi) and in the mean-
flow component u0(y; Xi). Hence the solution has the form

F0(y- X l ) = A(Xl)\l/(y; Xi) (121)
where \l/(y; x t) is the eigenfunction calculated at each station
of the duct as if the flow and duct walls were parallel. The
corresponding eigenvalue is denoted by /c0. To determine A(XI\
a requirement that the asymptotic expansion, Eqs. (118-121),
be uniformly valid to 0(e) is imposed. That is, a solvability
condition is imposed on the inhomogeneous equations governing
FI. This condition yields an equation of the form

f(xl)(dA/dxl)+g(xl)A=Q (122)
where /(xt) and g(x\) are obtained numerically from integrals
across the duct width of \j/, u0, v0, k0, and their derivatives.

Equation (122) has the solution
A&J = A0e\p[i$k1(x1)dxl~] = A0exp[si$ki(x1)dx~] (123)
where k i (x i) = ig(x i )//(x i) and A0 is a constant to be determined
from initial conditions.

The final form of the acoustic pressure disturbance is found,
by combining Eqs. (29), (30), (118), (121) and (123):
Pi(x,y,t) = A0$(y;xi)exp[i$(k0-teki)dx-iG>t]+0(e) (124)
The equivalent form for annular ducts is
Pi(x,r,0,t) = A0^(r;xi)exp[iJ(fc0 + efci)dx + im0-io>t]-|-0(8)

(125)
Without &i(xi), the solutions represented by Eqs. (124) and
(125) are quasi-parallel approximations predicting an attenuation
rate a0 = Im(k0). The function k i ( x i ) contains the effects of the
nonparallel walls and of the axial derivatives of the mean
flow. The net attenuation rate is then given by

O.5

<
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Fig. 24 Effect of the mean boundary-layer thickness on the attenuation
of the (0,0) mode for co = 30; R = 2, a)0 = 100, h = 0.05; e = 0.214;

from Ref. 134.

A sample result is presented in Fig. 24 for downstream
propagation of the fundamental mode in a slowly-diverging,
lined, annular duct with a growing boundary layer. Calculations
for two different values of S0, the boundary-layer thickness at the
initial station x = 0, are presented. As expected from the results
of numerous parallel-flow studies, (see Sec. IV-B2), the quasi-
parallel approximation predicts a lower attenuation (propor-
tional to the area under the curve) when the boundary layer
is thinner. However, it can be seen that the effects of the
axial gradients are much larger for the thinner boundary layer.
Thus, for this particular case, the thicker boundary layer does
not produce a large increase in the attenuation, a fact that a
quasi-parallel analysis would not reveal.

VII. Nonlinear Effects
Measured data in typical jet engines indicate that the sound

pressure level involved may be in excess of 160 db which
corresponds to a pressure fluctuation of the order of 0.01
atm. At these levels, the nonlinear effects play an important
role in the attenuation of the sound. These nonlinear effects
can be classified into two types: the nonlinearity of the gas
itself and the nonlinearity of the acoustic properties of the
lining material. Although the gas nonlinearity is significant at
sound pressure levels exceeding 160 db, the material non-
linearity (especially, perforated plates) may be significant at sound
pressure levels above 130 db. In this section, we discuss the
nonlinear effects and the approaches used to predict them.

Most of the studies of the nonlinear effects of the gas have
been based on an irrotational, inviscid, compressible wave
propagating in a medium at rest with uniform density p0
and pressure p0. Thus, the velocity of the wave can be derived
from a potential function O(r, t) which is given by (see, for
example, Ref. 135)

c2V2<|)_ ($tt — 2VO'V<

where, for a perfect gas,

yp = pi = pC
2

V)(VO)2 (126)

fl (127)
(128)

where p and p are the dimensionless pressure and density.
In Eqs. (126-128), distances, velocities, time, density, and pressure
were made dimensionless using the reference quantities d0, c0,
do/Co, po, and p0c0

2, respectively, where d0 is a characteristic
length of the duct cross section and c0 is the speed of sound
in the undisturbed medium.

Hard-walled ducts are discussed in the next section, while
soft-walled ducts are discussed in Sec. VII-B.
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A. Hard- Walled Ducts
1) Plane waves

Most of the work done on nonlinear wave propagation in
hard- walled ducts deals with plane waves. Fay136 obtained a
Fourier series solution, valid in the far field, for the one-
dimensional wave equation taking into account the effects of
gas compressibility and viscosity. Fubini137 obtained a solution,
valid in the near field, for the one-dimensional, isentropic
wave equation in terms of Bessel functions. Blackstock138 used
the weak shock theory to obtain a general solution which is
valid in the near and far fields as well as the transition between
them. Coppens139 and Pestorius and Blackstock100 determined
the viscous and thermal dissipative effects on the nonlinear
propagation of plane waves in hard-walled ducts.

2) Higher modes
Maslen and Moore140 used the method of strained parameters

(Sec. 3.1 of Ref. 17) to analyze strong transverse waves in a
circular cylinder. They determined the effect of the amplitude
on the frequency of oscillation. They also determined the
dissipation effects of the acoustic boundary layer.

Burns141 analyzed finite-amplitude waves in a hard- walled
duct, taking into account dissipation. However, his expansion
is not uniformly valid because it contains secular terms. Keller
and Millman142 used the method of strained parameters to
determine the wave number shift for the symmetric dispersive
modes in a hard-walled duct. They assumed expansions of the
form

3

where A is an interaction constant depending on the mode
being considered,

<S>(x,y,z,t; e) =

p(xty,z,t- e) =

(129)

(130)

/C = /C0 + i£2/C2 + 0(£3) (131)

where the x axis coincides with the duct axis, O is the velocity
potential, p0 is the undisturbed pressure which is assumed to be
uniform, and 8 is a small dimensionless parameter characterizing
the amplitude of the wave. For a hard- walled duct, the boundary
condition on the duct surface is

0 on F (132)
where F is the duct cross-section perimeter. Substituting Eqs.
( 1 29- 1 3 1 ) into Eqs. ( 1 26), ( 1 27) and ( 1 32) and equating coefficients
of like powers of £, they obtained problems describing <!>„
and pn. The solution of the first-order problem was taken to
consist of one mode ; that is,

$1 = al/(y,z)cos(kx-cot)
Pi = — p0a)a\l/(y,z)sin(kx — cot)

(133)
(134)

k2 = co2-K2 (135)
where a is an arbitrary constant and \l/(y, z) is the eigenfunction
corresponding to the eigenvalue K of the problem

d2\l//dy2 -\-d2ij//dz2 + K2il/ = 0 (136)
d\l//dn = Q on F (137)

The second-order terms <I>2 and p2 were obtained by solving
the second-order problem. Then, /c2 was determined from the
third-order problem by using the solvability condition (elimina-
tion of secular terms in this case).

The expansion obtained by Keller and Millman is not valid
near the cutoff frequencies. Keller143 modified the expansion of
Ref. 142 and determined the amplitude dependence of the cutoff
frequencies of the symmetric modes.

Nayfeh144 used the method of multiple scales to derive the
following pair of partial differential equations describing the
temporal and spatial modulation of the amplitudes and phase of
all modes propagating in a hard-walled circular duct:

a,^ + k£-0 (B8)

dA dA

and
Tn = £"t, Xn = £"x (141)

with a and ft being the amplitude and the phase.
Eliminating the derivatives with respect to X\ from Eqs.

(138) and (139) and rewriting the result in terms of the original
variables leads to the following nonlinear Schrodinger equation:

G A , . CA t ., ..0 A « ~ /v ? — / i * f \ \-jis — A A (142)
dx dt dt2

where
k' = dk/dfo and k" = d2k/da>2

Using this equation, Nayfeh determined an expression for
monochromatic waves and then showed that these waves are
stable. However, this expansion is not valid near the cutoff
frequencies.

Eliminating the derivatives with respect to 71 from Eqs. ( 1 38)
and (139) and expressing the result in terms of the original
variables, Nayfeh obtained the following nonlinear Schrodinger
equation valid everywhere including the cutoff frequencies :

where co' = dco/dk and CD" = d2co/dk2. Using this equation,
Nayfeh obtained an expansion for monochromatic waves from
which he determined the amplitude dependence of the cutoff
frequencies of all modes.

Peube and Chasseriaux107 treated nonlinear wave propaga-
tion in hard-walled ducts with variable cross section. They
proposed two perturbation expansions using as the small
parameter the Mach number M and d0//,, where / is the wave
length. Thus, they assumed

00 id 2n

£U
n = 0 V-

or

(139)

(143)

(144)

Substituting either Eq. (143) or (144) into Eqs. (126), (127)
and (132) and equating coefficients of like powers of d0/A or
M, they obtained the appropriate equations and boundary
conditions describing the <P's. However, no solutions were
obtained to assess the nonlinear effects.

B. Soft-Walled Ducts
As mentioned earlier, there are two types of nonlinearities:

the nonlinear motion of the gas and the nonlinear lining
acoustic properties. Zorumski and Parrott145 and Kurze and
Alien78 found, experimentally, that the nonlinear effects tend to
flatten and broaden the absorption vs frequency curve as
shown in Fig. 25. At resonance, the high intensity level increases
the resistance of the liner resulting in a lower attenuation.
To quantify the nonlinear effects on the attenuation, a number
of approaches have been devised. Some of these approaches
are discussed below.

1) Lowest mode
Ingard146-147 used the one-dimensional transmission line

approximation to determine the nonlinear material effect on the
attenuation of the lowest mode at low frequencies. Thus, the
pressure was assumed to be uniform across the duct, and the
rate of energy absorption per unit length of the boundary of
the duct was expressed as fip2T, where p is the rms value of the
sound pressure. Since the energy flux through the duct is p2S,
its rate of change along the duct must be equal to the energy
absorbed by the liner; that is,

2Sdp/dx=-for (145)
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for the two-dimensional duct case and
3
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Fig. 25 Variation of attenuation over a distance d0 with frequency for
several sound pressure levels, L; from Ref. 78.

Expressing (1 as a function of p, Ingard solved Eq. (145) to
obtain

(146)

where p0 is the sound pressure at x = 0.
To perform the integration in Eq. (146), the specific admit-

tance must be specified. Following Ingard and Ising,148 Ingard
assumed that

z = K0 + 0.9R1tirms + i;t (147)
where wrms is the rms face velocity of the fundamental frequency
component. In Ref. 147, Ingard took # = 0 and 0.9R!wrms =
p1/2, while in Ref. 148, he related wrms to the incident rms sound
pressure by

Wrms = Prms/M 0*8)

Kurze and Alien78 extended the work of Ingard to the region
of resonance. They took / = — cot (coh/c) and used the relation-
ship (148) to relate the rms face velocity to the rms sound
pressure. Using a finite difference-approximation to Eq. (23)—
with M = 0—at two points in the cross section of the duct, they
obtained

D= -8.1Im(k)dB = 8.1kImU - -=
1

1
\-4iz/k
1/2T) 1/2

(\-4iz/k): dB (149)

for the attenuation over a duct length equal to one half the
width of the duct. Although Eq. (149) was derived for an
impedance independent of the sound pressure level, they assumed
it to hold in the nonlinear case. They found that their analytical
solution is in agreement with their experimental results.

2) Higher modes
Isakovich149 determined a second-order expansion for the

nonlinear motion of an irrotational, inviscid, compressible gas
in a duct lined with a material having linear acoustic properties.
He found that the expansion is free of secular terms as opposed
to the case of propagation in an unbounded space.

Nayfeh and Tsai150'151 used the method of multiple scales
to determine the nonlinear effects of both the gas and the
lining material on the wave propagation in two-dimensional and
circular ducts. They used the semi-empirical relationship Eq. (57)
to relate the pressure drop to the disturbance velocity across
the liner. The potential function was assumed to possess an
expansion of the form

(151)

for the circular duct case, where x0 = x and x2 = £2x, with
£ characterizing the amplitude of the wave. Substituting either
Eq. (1 50)or Eq. (1 51) into Eqs. (126-128) and Eq. (57), eliminating
p, p and c, and equating coefficients of like powers of e, they
obtained the equations and boundary conditions necessary to
solve for each <£„. The solution of the first-order problem was
written as

3>i = ,4(x2) cos jcy exp [i(kx0 — art)] (152)
for the two-dimensional case and

€>! = A(x2)Jm(Kr)exp [i(kx0 + m9-cot)] (153)
for the circular case, where

k2 = o}2-K2 (154)
and K is an eigenvalue. The second-order problem was then
solved to determine <J>2. Then an equation was derived for
A(x2) by invoking the solvability condition in the third-order
problem. Finally, they obtained an equation for the amplitude
of the disturbance of the form

da/dx = (-K0 (155)

= Z (150)

where a0 is the linear attenuation rate. Their numerical results
show that there exists frequency band widths around the
resonant frequencies in which the nonlinearity decreases the
attenuation rate and outside which the nonlinearity increases
the attenuation rate, in qualitative agreement with experimental
observations. Moreover, the effect of the gas nonlinearity
increases with increasing sound frequency, whereas the effect
of the material nonlinearity decreases with increasing sound
frequency.

Instead of representing the effect of the liner by an empirical
or semi-empirical impedance, Nayfeh and Tsai152'153 coupled
the wave propagation in the duct with the wave propagation
in the liner. They used the method of multiple scales to find
an approximate solution to Eqs. (126-129) in the duct and the
honeycomb cells and Eqs. (37), (38) and (41) in the porous
layer subject to the boundary conditions, (63) and (64), at the
duct/liner interface and the honeycomb porous layer interface.
The solution of the first-order problem was taken to consist of
one mode. Substituting this solution into the second-order
problem and using the solvability condition, they obtained an
equation describing the amplitude. The result is

da/dx = — cf.0a-\-cf.ia2

where a is the amplitude. Numerical evaluation of this result
shows good agreement with the experimental result of Kurze
and Alien.78 Moreover, the results show that the nonlinearity
flattens and broadens the absorption vs frequency curve,
irrespective of the geometrical dimensions or the porous acoustic
properties.
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